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"""I Abstract 

I We study the quantum effects on the Coulomb branch of A/" = 2 SU{2) supersymmetric Yang- 

Mills with fundamental matters compactified on x S"^, and extract the explicit perturbative and 
leading non-perturbative corrections to the moduli space metric predicted from the recent work 
of Gaiotto, Moore and Neitzke on wall-crossing [1]. We verify the predicted metric by computing 

^— I the leading weak coupling instanton contribution to the four fermion correlation using standard 

field theory techniques, and demonstrate perfect agreement. We also demonstrate how previously 

ly-j known three dimensional quantities can be recovered in appropriate small radius limit, and provide 

On a simple geometric picture from brane construction. 
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1 Introduction 



Understanding the moduli spaces of super symmetric gauge theories is one of the most physically 
important and mathematically rich areas in theoretical physics. A major triumph in this area is 
the understanding of exact Coulomb branch metrics for four dimensional M = 2 supersymmetric 
Yang-Mills, provided by the famous work of Seiberg and Witten [21 [3] . The Coulomb branches 
get perturbative corrections, and also non-perturbative corrections from solitonic objects, in this 
case Yang-Mills, instantons However the exact metrics can be extracted elegantly from the 
periods of the Riemann surfaces for the associated integrable systems. In this paper, following the 
recent exciting developments IH E], we continue to explore the Coulomb branches for a class of 
closely related system, namely the compactified J\f = 2 theories on x 5"^. In particular, we shall 
concentrate here on SU (2) gauge group with flavors, related work for pure SU (2) case was done 
recently in [6]. 

It was known that the Coulomb metrics of the compactified theories are constrained by the eight 
supercharges to be hyper-Kahler, and also receive additional non-perturbative soliton corrections, 
coming from the BPS monopoles/dyons of the uncompactified theories, whose world lines wrap 
around [7] The Coulomb branch of a compactified theory therefore carries the information 
about the uncompactified BPS spectrum, in particular, it encodes a subtle but interesting discon- 
tinuous jump of the 4d BPS spectrum in the moduli space, known as "wall-crossing phenomenon", 
which we will briefiy review in next section. In [1], the authors proposed an exact expression for 
the Coulumb metrics of the compactified theories, and the central object of their construction was 
a certain "Darboux coordinate" X^{C) ( |14[ ). Interestingly, <Y^(C) is again a solution to a certain 
Riemann-Hilbert problem with appropriate boundary conditions. It characterizes the moduli space 
of the famous Hitchin integrable system [5]. 

In this note, we are mostly interested in verifying the exact prediction for the Coulomb branch 
metrics of compactified M = 2 theories with flavors, extracted from the proposed Darboux coor- 
dinate X^{0 llj. The cases with flavors not only serve as another non-trivial confirmation for the 
proposal in [1], the knowledge for the explicit Coulomb branch metrics also serve as possible start- 
ing point to extend the three dimensional mirror symmetry jH] to x 5^. We begin with a brief 
review on the BPS spectrum and wall-crossing phenomenon for J\f = 2 SU (2) gauge theory with 
flavors. Next consider the semi-classical expansion of the proposed wall-crossing integral formula 
and extract the explicit prediction for the Coulomb branch metric, including both perturbative 
and non-perturbative corrections. The first principles field theory computation for the four fermion 
correlation function in the monopole background is then performed to verify the predicted metric. 
Along the way, we also explain some subtleties relating to the zero modes and the semi-classical 
quantization for the monopole in the presence of hypermultiplets. We wrap up with explicit demon- 
stration on how the previously known three dimensional metric can be recovered in the — )• limit, 
and provide a further geometric understanding from a D-brane picture. 

^See [4j for comprehensive review and reference list. 

These BPS monopoles/dyons in compactified gauge theories on X are thus sometimes referres as "3d 
instantons" . 
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2 Wall Crossing Formula, Moduli Space and BPS Spectrum with 
Matter 



We consider four dimensional J\f = 2 supersymmetric gauge theory with gauge group G = SU (2) 
and A'^^ — hypermultiplets in the fundamental representation. In terms of = 1 superfield 
notations, each N = 2 vector multiplet consists of a vector multiplet and an adjoint chiral scalar 
while each J\[ = 2 hypermultiplet contains two chiral superfields Q\ and Qia, (i = 1, . . . , Nj is the 
flavor index and a = 1, 2 is the color index.). The superpotential preserving N = 2 supersymmetry, 
including these chiral fields, is given by: 

WMatter = (^^^'^^ + rUiQiQ') , (1) 

i 

where are complex bare masses and the color indices are suppressed. This theory has a Coulomb 
branch B where (/>, the scalar component of <I> acquires a VEV {<j)) = |a"3, with as being Pauli matrix, 
the SU{2) gauge group is broken spontaneously down to U{1). The massless bosonic fields on the 
Coulomb branch consist of a U{1) gauge field and a complex scalar a whose VEV (also denoted as 
a) parametrises i3 as a complex manifold. It is also convenient to define a gauge-invariant order 
parameter u = (Tr 0^) which provides a globally defined coordinate on B. 



The spectrum on the Coulomb branch B of the theory contains BPS states 7 = (rie, rim) carrying 
electric and magnetic charges, rig and n^, under the unbroken gauge U{1). Due to additional 
matter fields, the BPS states also transform under the flavor symmetry, when rrii = 0, this is 
SO{2Nf), while mj 7^ and are distinct, the S0{2Nf) broken down to only U{l)^f , and the BPS 
states are labelled by the charges {si} under Nj U{l)s. We can label a BPS state Z^{u) a^ 

Z^{u) = nea{u) + UmaDiu) + ^ Sirm , (2) 

i 

which lies on a lattice in the complex plane with periods a and a/j. The magnetic period is 
determined by the prepotential F{a) [2| via (i£) — 'Ba'^ ' The prepotential J~{ci) also determines 
the low-energy effective gauge coupling 

Svri 0cff(a) d'^F{a) 
gtsia) vr da? 

In this paper we will mostly be interested in the weak coupling regime where \a\ ^ |A| (A being 
the dynamical scale), and we can relate {a^ao) and effective coupling Tes via 

an ~ TeffO , (4) 

up to exponentially suppressed corrections coming from four-dimensional Yang-Mills instantons 
coupling to matters, see [9j for explicit instanton computations. 



^As the SU{2) theories with Nf > 4 fundamental massless flavors become IR-free. 

*Here our normalization of the complex bare mass nii differs that in [3] by a factor of y/2. 

^In this paper we shall follow the same normalization convention for electric charges as in l_3j, so that the complex 
gauge coupling r is multiplied by a factor of 2 and a is scaled to a/2 to compensate. 
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The exact mass formula for BPS states of charge 7 is = \Z^\, with the central charge 
given in ([2]). The simplest BPS excitations on the Coulomb branch B are fundamental quarks 
of electric charge Ue = +1, W-bosons of electric charge rig = +2, and their anti-particles. The 
problem of determining the full BPS spectrum over entire B not only requires (a(u), aD{u)), which 
were explicitly determined by Seiberg and Witten [3] in terms of hyperelliptic curves, but also the 
allowed electric-magnetic charges (ne,nm) and the flavor charges {sj} (if rrii ^ 0.). This amounts 
to computing the second helicity supertrace ^(7, u) = — 2Tr-^BPS,7(~l)^"'^(2^3)^, which counts the 
degeneracy of BPS particles, at each point on the Coulomb branch, where J3 is any generator 
of the rotation subgroup of the massive little group. For W-bosons this yields $^(7, u) = —2, 
for each fundamental quark of given flavor 0(7, n) = +1, while for monopoles and dyons, which 
also transform under the flavor group, their degeneracy factors ^2(7, u) depend on their explicit 
representations. For the cases with massless flavors, the r2(7, «) was computed in [23] from the 
representations under SO{2Nf), for the general massive cases, r2(7, u) should depend on the residual 



The difficulty in determining ^(7, u) in general lies in the existence of "walls of marginal stability" 
(WMS), they are real codimension one curves in B across which one or more BPS states become 
marginally stable. The degeneracies ^2(7, u) can change discontinuously as we vary u cross such 
curves. In [I], this phenomenon is described by associating to each BPS state of charge vector 7 a 
ray 1^ in a complex spectral plane with coordinate ( rl 



These BPS rays rotate in the ("-plane as we move in B. On the wall of marginal stability, a set of BPS 
rays {Z^{u)} become aligned, and their charges can be parametrised as {iVi7i + A''272}, Ni, N2 > 0, 
for some primitive vectors 71^2 with Z^^jZ^^ G M_|_ [1]. The condition that BPS rays become aligned 
is equivalent to satisfying the energy conservation, the conservations of electric and magnetic charges 
(rig, rim), and flavor charges {sj}. 

It is well-known in the literature [El [181 HHj that the M = 2 theory with gauge group SU (2) and 
Nf fundamental matter has non-trivial curves of marginal stability and exhibit the wall-crossing 
phenomenon. In the purely massless cases rrij = for Nf = 1,2,30 the curve of marginal stability 
is given by the locus lm.{a£,{u) / a{u)) = in ;B, which can be solved numerically from explicit profile 
of {a[u),aD{u)). Such curve divides up the Coulomb branch B into weakly and strongly coupled 
regimes, and goes through singular points where BPS particles can become massless, the BPS 
spectra are different inside and outside the curve. In the weak-coupling region where \u\ » |Ap, 
the BPS spectrum for Nf = 1,2,3 consists of the fundamental (anti-) quarks of charges ±(1,0), 
W-bosons of charges ±(2,0) and tower of dyons ±(n, 1) ,n G Z, in addition for Nf = 3 there are 
also dyons of charges ±(2n ± 1, 2) , n G Z |^ All of them transform under S0{2Nf) flavor groups 
and their representations are summarized in the section 3 of |23j . As we enter the strongly coupled 
region near the origin in B and cross the wall of marginal stability, most states of the semiclassical 
BPS spectrum decay into only finite number of stable BPS states, as explicitly determined in |18j . 

®The auxiliary complex variable C, is known as the spectral parameter. After adding the point at infinity, C, 
parametrises CP"*^. 

^Note that for massless case, 5(7(2) with Nf = 4 is conformal, the BPS spectrum can be purely determined in 
the semi-classical regime as in |22| . 

*For completeness here we also mention Nf — 4 case |22l 123] . its semi-classical BPS spectrum, as classified by 
representation under 5*0(8) flavor symmetry group are: (2n, 2m) as singlet 1; {2n-\- 1, 2m) as vector 8v; (2n, 2m + 1) 
as spinor 8s; and (2n -I- 1, 2m -f 1) as conjugate 8c. Here integers n, m are co-prime. 



U{\) f group. 




(5) 
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When we further include bare masses mi ^ into the theories, the set of walls of marginal 
stability becomes very complicated [19], as they contribute further parameters into the problem]^ 
Until recently, a systematic determination of the BPS spectrum for generic N = 2 SUSY gauge 
theories and all regions of the moduli space remained elusive. Recently significant progress has been 
made in the work of Gaiotto, Moore and Neitzke towards a systematic determination of the BPS 
spectra for four dimensional N = 2 supersymmetric gauge theories [H [5]. In particular, following 
the work by Kontsevich and Soibelman [lUI 11 Ij. they proposed an explicit wall-crossing formula, 
which in principle encodes the discontinuous BPS spectrum across the wall of marginal stability. 
Here we are mostly interested in the consequences of their conjecture for the N = 2 theory with 
fundamental flavors. To apply the basic idea in J] to our case, we first Euclideanize and compactify 
it on X S^, where : ~ + 2t:R has radius R. On length-scales much larger than i?, the 
low energy effective action on the Coulomb branch becomes three-dimensional. In addition to the 
four dimensional complex scalar a, two additional real periodic scalar fields now appear. The first 
one is the electric Wilson line, which comes from the component of the U{1) gauge along 5"^; the 
other one comes from dualizing the three dimensional U{1) Abelian gauge field in favor of another 
real scalar, 9m £ [0, 27r], known as the "magnetic Wilson line". We can denote them as: 



with (^6) ^m) ~ (^e + 2'7r, Om + 2tt), they describe a two-torus. Turning to the matter sector, in four 
dimensions the bare mass rrii of a hypermultiplet is a complex parameter with two real components, 
but when we compactify the theory on S"^, a third real component m, called "real mass" appears. 
To see this, we can view the masses and rrij as the expectation values of background vector 
multiplets which weakly gauge fiavor symmetries, this also makes clear that they should transform 
in the adjoint of SO{2Nf) [20j. The supersymmetry condition requires that the masses can only be 
gauged in maximal torus of S0{2Nf), the real mass rhi then appears as the Wilson line VEV under 
the compactification. In the brane picture discussed in section [sj this real mass has a simple 
interpretation as the separation of the gauge and fiavor branes in the dual compactified dimension. 

The Coulomb branch of the compactified theory is a four real dimensional manifold Ai , paramet- 
rised by the scalars {a,a,9e,9m}- The low-energy effective field theory on the Coulomb branch is 
then given by a three dimensional sigma model with target Ai, the eight supercharges further 
constrain A4 to be hyper-Kahler |25J. It is well-known that a hyper-Kahler manifold admits a CP^ 
worth of complex structures, coming from SU{2) triplet of complex structures ^1,2,3- We can use the 
complex variable C to parametrise such CP^ (same as the C appearing in ([H])). The so-called twistor 
space T of a hyper-Kahler manifold is constructed to incorporate all possible complex structures, 
and it is given topologically by T ~ x CP^ [25j. In particular, choosing the complex coordinates 
holomorphic with respect to J3, we can now organise the general Kahler form as 



where t<Ji,2,3 are the Kahler forms associated with Ji,2,3 and we have defined uj± = cji it iu2, the 
metric g is then extracted from the C independent component of w(C)- The twistor space T plays 
an important role in the construction of the metric on A4 in [Ij, however for the purpose of this 
paper, it is sufficient to regard it as an auxiliary space. 

^It also has to be said that a systematic determination of BPS spectrum for general four dimensional M = 2 
SU (N) ,N>2 theories is currently lacking. 




(6) 



^iO = -7^^+ + W3 - -Cw. 



(7) 
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We can deduce the leading order low-energy effective action from direct dimensional reduction of 
the four-dimensional low-energy theory. To describe the action we define the complex combination 
z = Om — Tes(^e which parametrises a torus with complex structure Tefj (a). In this limit the moduli 
space Ai corresponds to a fibration of this torus over the Coulomb branch B of the four-dimensional 
theory. The real bosonic part of the resulting action is given in terms of scalar fields {a,a,9e,0m} 
as 

In addition, surface terms give rise to pure imaginary terms in the action depending on the total 
electric and magnetic charges, 

S'lm = i(^ne + nrr^ Oe + 111^9^ ■ (9) 

The term proportional to Gefr arises from dimensional reduction of the F A F term in the low- 
energy action of the four- dimensional theory after replacing A4 by Oe/^irR. As explained in [3], the 
(ne + nm%^) term is the eigenvalue of the electric charge operator, we should regard it as effective 
electric charge. The corresponding fermionic terms in the action take the form 

Sf = ^ I d^x iii^a^dnip + iXaf'd.X) , (10) 

where A and ip are the dimensional reduction along the X4 direction of the four-dimensional Weyl 
fermions in the U{1) vector multiplet whose lowest component is the scalar a. The leading order 
effective Lagrangian Q allows us to extract the leading — )• 00 behavior of the hyper-Kahler 
metric on A4, 

= R(lmT,s)\da\^ + ^(Imreff)-V^l' • (H) 



As {9e,9m} span a fiat two torus, (11) was referred to as the "semi-fiat" metric in [1]. The metric 
(11) also makes apparent that g^^ is Kahler with respect to the complex structure where {a,z} are 
holomorphic coordinates. Going to finite radius R, this semi-fiat metric gets quantum corrected by 
perturbative one-loop corrections and a series of instantons coming from the four-dimensional BPS 
states whose worldlines now wrap around S^. We shall discuss them in turns. 

The authors of [T], in addition to providing a method for determining the four dimensional BPS 
spectrum across the wall of marginal stability, also predict the smooth fully quantum-corrected 
metric g for the Coulomb branch of the compactified theory on x S^. The metric is effectively 
determined once the one-parameter family of Kahler forms w(C) introduced above is known 
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For any complex symplectic manifold, which is a hyper-Kahler manifold, one can always find 
Darboux coordinates locally in which the symplectic form becomes canonical. In the present case 
we introduce complex coordinates A'e(C) and Afm(^), in terms of which 

More generally, we also introduce a corresponding Darboux coordinate X^{C,) associated with any 
vector 7 in the charge lattice determined by the relation Xy^+^j = X^^X^^ where X^ = Xe for 



""Here our convention relating the Kahler form cj and metric g is such that u> — id^ K/{dz'^dz'')dz"' A dz'' and 
2d'K/{dz''dz^)dz''dz^ = 2g^ldz°'dz'' , where K is the Kahler potential. 
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7 = (1,0) and = X^, for 7 = (0, 1). In the large- i? limit, the semi-flat metric (11) corresponds 
to the choice, 



X^\C) = exp ( TiR 



^Uea + nmOp 



+ i{ne6e + ) + TrRC{nea + nmaD, 



(13) 



It turns out that this asymptotic behavior, along with the requirement of continuity of X:^i{C,) 
across walls of marginal stability (as governed by the Kontsevich-Soilbelman algebra) is enough to 
determine X^{C,)^ and hence the metric on A^, at any point on the complex (^-plane. In the case of 
a theory with flavors, it is necessary to include the mass contributions rui and mj. The relevant 
expression for the Darboux coordinate X^{a, 6, C,) is given by the following integral equation [1]: 



A'^(C) = <(C)exp 



-^^17(y;n)(7,7') / log (l-a(7')^y (0^7(0) 

7'er -^V ^ ^ ^ 



with 
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M7(C) = exp 



Nf 



TlR 



rrii + iil^i + irRCm., 



tpi = 2TTRrhi 



, (14) 



(15) 



In above we have also introduced the following quantities: (7, 7') is the symplectic product between 
two charge vectors, 7 = {ne,nm) and 7' = (ng,n'^), which we can take to be 



(7, 7') = (("e, rim), (n'e, n'^)) = -Uen'^ + n'^ 



(16) 



and the "quadratic refinement" cr{j') is given by (1(7') = (— l)"e"m_ xhe summation in (14) is over 
the set of charges T in the theory and the integration contour 1^ associated with 7' is the BPS ray 
as defined in ^ , this ensures the convergence of the integral. 



3 Semiclassical Limit of the Wall- Crossing Formula with Matters 



To solve (14), we can take the logarithm and see that the right hand side contains a source 



term corresponding to the semi-flat expression and an integral convolution. To extract the explicit 



prediction for the quantum corrected moduli space metric from ( 14 ), here we generalize the iterative 



weak coupling expansion, first done in [6] for the pure SU (2) case, to the current case with massive 
flavors. We therefore restrict our attention to the semiclassical region of the moduli space, such 
that \a\ ^> A and (7^^ <C 1, while keeping fixed the dimensionless quantity R\a\. As we explain 
below, the quantity exp(— 27ri?|Z^|) is then exponentially suppressed for all states with non-zero 
magnetic charge. For the weak coupling spectrum described above, this is the case for all BPS 
states except the purely electrically charged fundamental quarks and massive gauge bosons, they 
essentially contribute the perturbative one- loop corrections to the moduli space metric. 



We begin by decomposing the Darboux coordinate X^{Q as X^{C) = [Afe(C)]"'' ['^m(C)]'^™ , 7 = 
(ne,n.m)- The integral equation (14) for the electric and the magnetic Darboux coordinates is then 



^'^Wall Crossing phenomenon for SU{2) with fundmamental flavors has also been considered in [24] , 

^■^Here we are following the central charge convention used in [l], such that X^^ {(^)fi-y{(^) — exp{-KR(^~^ Z^+TvR(^Z.y + 

. ), where Zj is the central charge including complex mass rm contribution as defined in (p|. 
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given as 



A'f(C)exp 



'^'™(C)exp 



7'er 



ce(7') = ^^(7»((l,0),7'), 



(17) 



47rz 



7'er 



c™(7') = f^(7';^x)((0,l),7'>, (18) 



where Xf{C) and A'^^(C) are given by ( |l3[ ) with {ne,nm) equal to (1,0) and (0, 1) respectively, and 
lyiC) is defined to be 



lyiO = 1^ log(l - a{j')f,,,{C')X,>{C)) 



(19) 



Taking the weak coupling limit, which sets a/) ~ Toga up to one loop order, we find 

log XfiO = TrRaC^ + iO^ + vri^aC , log X^J^{C) = ttRgtMC^ + i^m + TTRaTes{a)C. (20) 



We can see that in this limit log \ ^ log \ this has interesting consequences for deriving an 
iterative solution to Xy((). We can explicitly expand log Afe(C) and log A'm(C) for the weak coupling 
spectrum of SU{2) theories with Nf flavors discussed earlier: 



log A'e(C) = log^f (C) - 1^ E Ce(7'):f7'(C) 



7'er 



logA'„(C) = logA'^^(C) 



J2 C„(7')^7'(C) 



7'e{l^±,gf,gf} 



47ri 

7'6f 



(21) 

c^(7')^7'(C)- (22) 



Here in our expansion for Xm{C) we have singled out the purely electrically charged BPS states 
{W^,q^,q^}, the summation over Nj flavors of fundamental quarks is also implied. The set f 
denotes the remaining weakly coupled BPS spectrum after omitting the purely electrically charged 
ones, in other words those ones that are magnetically charged. They act as non-perturbative 
instanton corrections to the Coulomb branch metric on x S^. At weak coupling, the central 

with (7eff and 



charge takes the form Z^{a) = a{ne + n„iTe{i{a)) + ^jj^ ^i^i^ where t^s 
Qf-s now denote the effective coupling constant and the effective vacuum angle. 



ffcff 



+ 



To solve for logAl, iteratively, at the leading order, we substitute the semi-flat coordinates (20) 



into the right hand side of (21, 22) and ignore the components which vanish as Oeff — ^ 0. In such a 



limit, BPS contributions from T to {Xe,Xm) duly vanish (i.e. the last term in (21) and (22)), Xm 
does however receive order one contributions from purely electrically charged {VK^, qf,qi }, which 
we shall proceed to compute momentarily. We shall denote the resultant coordinates at this order 
as {Xe^^^ , Xm^ ) . Thus we have 

log4°)(C) = logXfiC), logA'W(C) = logAf^f(C) + logP(C), (23) 
logP(C) = logPiy(C) + log2?,(C) + log2?g(C). (24) 

Here we have split the electric contributions T>{Q to ^'^(C) into three pieces: DwiC), coming from 
W-bosons, and I'g(C) and 'Dq{C), coming from the quarks in fundamental hypermultiplet. They are 
defined in turns as: 



logVwiC) 



1 



'■W+ 



dC c + c 
c c - c 



log 



dC c + c 

C C'-C 



log 



l-<_(0 , (25) 
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Airi 



log2?,-(C) 



Airi 




i-/z-(o^:i(o 



(26) 



i-^-+(C')Afl(C') 



dC c + c 
c c-c 



log 



l-^--(C'R!l(0 



(27) 



In evaluating (25)-(27), we have used ^{W ,u) 



2 and Q{qf,u) = Q.{qf,u) = 1, and their 



charges, ±(2,0) for and ±(1,0) for qf and qf . The mass parameters are given by fJ'q±iC) 

exp[±{miC~^ + i'tpi + rniC)] and /i-±(C) = exp[=F(mj(^~^ ±z^/;i ±mjC)] respectively, with tpi = lirRfhi. 

In other words for fundamental hypermultiplets qf^ and q^, the flavor charges are sj = ±(5jj and 
Sj = =fSij respectively, while for the W-bosons W^, which are in the vector multiplet, Si = 0. 



We can now further expand (^e(C))'^m(C)) to extract the non-perturbative corrections: 

logA'e(C) = log AfiO)(C) ± SlogXeiC), logA'^(C) = logX^\C) + SlogX^iC)- 



We can compute {5X^(0, 6 Xm{0) by substituting {X^^\c) , xjn\C)) into and 



6logXmiC) 



4^E^e(y)xi?^(o, 

7'ef 



(28) 

(29) 
(30) 



7'er 



where we have defined the short-hand notation for the integral: 



4^0 



dC C + C 
, C C'-C 



log 



(31) 



The BPS ray ly which plays the role of integration contour is defined in ([s]) with Zy as given in 
Q . Substituting the corrected Darboux coordinates ( 28 ) into the definition of the symplectic form 
a;(C) (12), we can find the corresponding corrections to the metric on Ai, 



a;^^(C)±^^(C)±^''^(C) + 0(5'). 



NP/ 



The various terms in ( 32 ) are given explicitly by 

1 



-"(C) 



dlogA'f(C)Aa!logA'^'(C) 



sf / 



1 
1 

'Att^R 



dlogA'f(C) AdlogP(C) 



(32) 

(33) 
(34) 



d6 log X,{0 A d log A- W (C) ± d log A-io) (C) A d6 log XmiO) . (35) 
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The term UJ^{C) corresponds to the one-loop perturbative corrections to the metric due to the 
bosons and the quarks qf^ and qf , and they can be readily evaluated using modified Bessel functions 
of second kind Ku{x): 

-"(C) = 



A^{a,a) 
V^{a,a) 



2n 



da \ 



R 



vr 



(36) 
(37) 

(38) 



Using Ue = ±2 for and ne = ±1 for qf and qf, we can obtain that Cm{W^) = =f4 and 
(^miQi^) = Cm{qf) = ±1. Notice that here we are taking weak coupling limit while keeping R\a\ fixed 
and arbitrary, as first non-trivial check one can consider taking three dimensional limit R\a\ — >• 0. 
To do so, first notice that Ky[x) diverges when x — )• 0, we should Poisson resum the series of Bessel 
functions over fc, which is equivalent to summing over all the Kaluza-Klein momentum modes. 
When combining with the leading semi- flat piece, we can extract the shift of the coupling constant 
from the moduli space metric: 



Svri? Svri? 



9efr 



\Mw{n)\ 



Svr ^ 
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\Mw{n)\ 




a + mif + 


I 2ttR 



E 

i=l 



+ 



M,,(n)| |M,-,(n)| 



+ 



|M,-,(n)| 



\a — mil + 



2ttR 



n 
R 



(39) 
(40) 

2 

(41) 



where in i? — t- limit, all the KK- momentum modes decouple for n ^ 0. For single flavor Nf = 1 
case, this precisely coincides with the Coulomb branch metric predicted by [7], which is the three- 
parameters family (Re(m), Im(m), m) deformation of the double cover of Atiyah-Hitchin manifold 
discovered by Dancer [29]. For generic Nf, the shift also matches with the first principle one- loop 
computations performed in ^37j, after taking into account of the normalization of gauge coupling 
and electric charges. 

For the non-perturbative contributions a;^^(C), as explained in detail in [6], as the expression 
is dominated by the exponential factors at weak coupling, they can be readily evaluated using a 
saddle point approximation: 



u.NP(C) 



^17(7,u)w^(C) 
1 dx\°\c) 

l_dX^ 

4tt^R X^^iC) 



(42) 



1 



dC c + c 



\k=l 



4vrz J, C C'-C 



a(7)/i,(C')'Vf (C) 



^^f (CO 
(CO 

kdx^ia] 

(CO J 



(43) 
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Here we have used the fact that along each integration contour 1^ : Z^jC! G 



the zeroth 



order Darboux coordinate [i^{Cl')X'^^ {(^) = fij{C')X^'^ {(^')V{(^') is proportional to exponential factor 
exp [— 7ri2|Z^|(|(^'| + 1/|(^'|)], which ensures the convergence of the integralj^ As shown in [H], at 
weak coupling the saddle point is at (' = —Z^j\Z^\ — where [nm] denotes the sign of the 
magnetic charge for 7. Upon substitution and performing the Gaussian fluctuation integral, the 
leading expression for a;(^/ ^^(C) is given by 



^(7,fc)(0 



fc=l 



7 ^^^7^(0 . 



\ZA (^^' 



dZ^ 



\ ^7 



dZ-y 



QdZ^ 



1 V{-i[nm]) 



[cr(7)] exp 



Nf 



-27TR\Zy\ +i 6y + ^Si'lp^ 



i=l 



(44) 
(45) 
(46) 



The one loop determinant 'D{—i[nm]) = 'I^w{—i['iT'm])T^q{—i[nm])T^g{—i['n'rn]) can be quite readily 



evaluated from (25), (26) and (27) and using symmetries of the integrals as 



log Vwi-iirim]) 



2\nr. 



vr 



dt 



cosht 



log 1 



+ log 1 



-47r_R|a| coshi-j26»j 



logVq{-i[nm\) = - ^ 



i=l 



\ogVq{-i[nm]) = - ^ 



1=1 



27r 



"2^ 



dt 







log 1 



coshf 

+ log ( 1 - e 

°° dt 







cosht 



log 1 



+ log 1 



-27rR|a+mi| cosh 



-27ri?|a+mi| cosh t— i(6e+'0i) 



-27riJ|a— m^l cosht+i{d ^—^i) 



-2-KR\a—mi \ cosh t— i/>i) 



(47) 
(48) 



(49) 



In deriving (48) and (49), we have also used the residual flavor U{1) f symmetries to set Im(mj/a) 



0, which is also necessary to ensure they yield real values. In [6j, it was shown that (47) precisely cor- 
responds to the ratio of one-loop determinants corresponding to non-zero mode fluctuations around 
a monopole in the pure SU (2) case. Later we will perform similar computations to demonstrate 



that (48) and (49) indeed correspond to fundamental hypermultiplet non-zero mode fluctuations 



around a monopole. 



In this paper, we shall focus on the leading one-instanton correction to the moduli space M. 
This restricts us to the subsector k = rim 
^-independent part of ^^^(C) as: 



1 in the series (42), and we can extract it from the 



f^(7,n)J'(^,i) ({2TTR)dZy A dZ^ + i\Z^\d0-^ 



A 



z. 



7 



z. 



7 



(50) 



^^Here we have also further approximated dX^'^\(^) / X^"\Q by dX^^^ {Q / X^^ , as the contribution proportional 
to dV(Q/'D{(^) is of higher order in g^g in our saddle point analysis. 
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Using the definitions = ngC + nmCiD + Z^i=fi Sirrii and t^s = ^f-, we can write out the ga 
component from above: 



inst. 



— 2^ J](7,n)— — ^P(-z)exp 
7=K,i) ' 



i=l 



(51) 



Other metric components g^ai^' -^g^^z^' which are suppressed by 5^^, can also be readily extracted 
from (50). However for our later comparison with semi-classical computation, it is sufficient to 



expand the metric (51) at weak coupling as 



inst. 



VR / Sir 



8^ WesJ 



7=('le,l) 



c(ne) 



Sir 

{27rR)^\a\ - i9m , 

9eS 



1 (27ri?)|a| 

2 Sn/g^ 



cff 



N 



f 



He + ] |a| + ^ Si\mi\ 

i=l 



n, 



^ ^ i=l 



(52) 
(53) 

.(54) 



The term Smoii here is essentially the Euclidean action of a magnetic monopole dimensionally 
reduced on x S"^. The remaining terms in s!^"'^ are the leading contributions from the dyon 
electric charge. When nii 



rrii 



0, the shifted electric charge rie + in the quadratic term 
reflects the combination of global U{1) rotation in the monopole moduli space [30] and the well- 
known Witten effect [31]. The linear Gefr shift in the second term of S^"^ should be introduced 



to account for the shift 6^ 



+ 



eefi 



^e, and as explained in detail in [H Ej; this is required to 
ensure the single-valuedness of 9m near the singularity at infinity; (7(7) is absorbed by the global 
definition of 9m (cf. eq. (4.16b) in [1]) We shall postpone the discussion for the rrii ,mi ^ cases 



to the next section when we consider first principle semi-classical computations. 

To facilitate the explicit comparison with the four fermion vertex arising from the semi-classical 
computation, we also need to compute the non-perturbative instanton corrections to the Riemann 



tensor. This can be readily computed from (52), up to the permutation symmetries, the leading 
components in g'^^ expansions are: 



Rn 



R„ 



^inst. 



(55) 



We can now extract the non-perturbative corrections to the low-energy effective action for the three- 
dimensional supersymmetric sigma model up to most two derivatives and four fermions terms: 

= \f d'x {^gij{X) [d^X'd'^X^ + iO}pa^] + ^-R^.k^ ■ ^'"){^' ■ , (56) 

where {X*} are four bosonic scalar fields and {^i"} are their Majorana fermionic superpartners. 
We followed the conversion procedures in [B] between (X*, 0*), the bosonic (a, z), and the fermionic 



^*Notice that despite the coefficient of the beta function changes for the flavor case, we can still use Tch — 
re-express the shift. 



to 
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(A, V') fields in the dimensionally reduced actions ([8|) and (10) After taking tliis into account 
we obtain that the four fermion vertex due to single instanton sector is given by 

2V f2-KRV''^ 



- j ^{-i) exp [-SmoJ ^ ^^(7, u) exp 



d^x{ilj-ij){\-\). (57) 



We shall next verify this term in the effective action via a direct semiclassical calculation. 



4 Semiclassical Instanton Calculation with Matters 

In this Section we will perform first-principle computation for the monopole and dyon contri- 
butions to the low energy effective action for our M = 2 SU{2) theory with Nf fundamental 
hypermultiplets compactified on x S*^. We shall focus on the half-BPS states with rim = 1 and 
arbitrary electric charges rig S Z, preserving four out of eight supersymmetries, and their contribu- 
tions to the four fermion correlation function. A closely related computation for the compactified 
pure N = 2 SU{2) theory has recently been done in [6], we shall therefore refer readers to it for 
some of the technical details, in following we shall instead highlight the essential modifications due 
to the fundamental hypermultiplets. 



The main object of interests here is the four fermion correlation function of the form: 

2 

^4(yi,y2,y3,y4) = ( J| Pi'^(y2A-i)p2'^(y2A)) , (58) 

A=l 

where are Weyl fermions of purely left handed four dimensional chirality. We would like to 



evaluate (58) in the monopole background, and from its large distance behavior such that take 
their zero mode values, we can extract the coefficient for the four fermion vertex ~ (p^-p^) (p'^-fP) in 



the low-energy effective action. Let us comment on the subtlety explained in [6J and [12j relating p'^2 
and the 3d fermions ■01,2 and Ai,2 in the previous section. ™ (|58|) are in fact chiral fermions 
in a compactified auxiliary four dimensional theory, where the BPs equation can be identified 
with the dimensionally reduced self-duality equation, and the monopole preserves supercharges of 
the same four dimensional chirality. The fermions Pi'2 of the auxiliary theory are related to the 
original four-dimensional Weyl fermions ^^1,2 by an S0{3) i?-symmetry rotation which mixes left and 
right-handed chiralities but preserves the normalisation of the four-fermion vertex in the effective 
Lagrangian. In a vacuum where 6^ = 0, the zero modes of a monopole are chirally symmetric in 
the original four-dimensional theory, and the explicit relation takes the form 

ip' ■ p'){p^ ■ p') = i^P■^)iX■\). (59) 



Let us now consider the zero modes in monopole background, the Callias index theorem j32| tells 
us there are 4nm real bosonic zero modes for monopole configuration of charge rim- In our case 
therefore there are four bosonic zero modes for rim = 1 monopole: X^'^'^ parametrising its center 
position in and a global U{1) charge angle the bosonic moduli space is therefore M'^ x S^. 
For general rim, the remaining 4:{nm — 1) bosonic zero modes parametrise the relative moduli 
space. There are also 4nm adjoint fermionic zero modes for our theories with eight supercharges, 

^^Note that the in [B] differs from ours by \/2, due to the different normalization for the complex gauge coupling 
TcS (pl) for the flavor case. 
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in particular four of them are generated by the action of the four broken supersymmetries on the 
(X^'^'^, if) and we can denote the corresponding cohective fermionic coordinates ^12, these fermionic 
zero modes are protected from Ufting by supersymmetries. The large distance limit |y — X| ^ 
of is then given by 

pi'^°^^(y) = 16vr(5i.(y-X))^e^ (60) 

where Sf{x) = 7^a;^/(47r|xp) is the three dimensional Dirac propagator. The remaining 4(nm — 
1) fermionic zero modes are essentially the supersymmetric partners of the 4(nm — 1) bosonic 
coordinates on the relative moduli space. 



Now when we include additional Nj fundamental hypermultiplets {qi, qi) with masses rrii and mj, 
they can also contribute additional zero modes in the monopole background, hence it is necessary 
to perform an index computation to count their numbers. To do so, we follow |33^ 1421 1^7] to define 
the following four dimensional fluctuation operators for the massive fundamental hypermultiplets 
in the monopole background: 



-D"^ + \a + mi\^ , 

-D^ + 2eijk(yiF^"''- + \a + mi\^ 



(61) 
(62) 



Here the three dimensional covariant derivative D = d + iA^°'^' is with respect to background static 
monopole in = gauge. We can define similar operators A^(mi) for qi with |a + mj| — )■ \a — mi\. 
The number of the (complex) hypermultiplet zero modes coming from qi and qi then comes from 
the — )• limit of the regularized trace: 



^nirrii) = Tr^ 



A!!(mi) + M2 A^(mi) + /i2 



+ Tr. 



A!!(m,) + M2 A^(mi)+/i2 



(63) 



where Trj indicates summing over the flavor indices and normalizable states. The trace in (63) can 



be evaluated analogously following the steps in [331 El] for monopole of charge Um, the result is: 



Nf 

E 

1=1 



TLr, 



\a\ + \mi 



1/2 



+ 



(|a| + |m,|)V/u2)"' ((|a|-|m,|)V^2 



1/2 



(64) 



we have also used the fact Im(a/mj) = 0. In the /i^ — t- limit, we 
+ sign(|o| — |mj|)]. Since in the weak coupling we expect 



where in writing out I}i{mi 
have X/f(mj) — )• """^ ^ [sign(|a| + |mj 
\a\ » |mj|, there are 2nmNf additional real zero modes appearing. As discussed in [22 | IM j [35 | [36], 
these additional hypermultiplet zero modes facilitate a natural 0{nm) bundle over the Um monopole 
moduli space, and they are required to form bound states with the BPS monopoles/dyons for them 
to transform under the flavor symmetry group In our computation of single monopole = 1, 
the 0(1) index bundle Indi = i?^ x Mob, where Mob is the Mobius bundle over 5^ of the monopole 
moduli space. This bundle is obviously flat with vanishing curvature, however the non-trivial 
twisting comes from the fact that the 27r global rotation about the acts as non-trivial element 
of the center of SU{2) gauge group |22j. We shall return to this point shortly in the following 
discussions. 
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Having discussed the zero modes, the semiclassical dynamics for a single monopole of mass M = 
87r|a|/5^ can be described by supersymmetric quantum mechanics on its moduli space [21] . The 
collective coordinate Lagrangian including the hypermultiplet zero modes takes the form [221 136] : 



V ■ 



(65) 



Here the bosonic Lagrangians are L 



X 



f\X\^ and 



where the dot denotes the 



derivative with respect to Euclidean time x , and X is the position of the monopole in M . The 
combination p4 is the moment of inertia of a monopole with respect to global gauge rotation, 

|a| 

describes a free particle of mass moving along with (f G [0,27r]. The bosonic degrees 

of freedom are supersymmetrized by the adjoint fermionic collective coordinates , A, a = 1,2 
with the free Lagrangian = ^^a^'X- The 2Nf real hypermultiplet collective coordinates r/* are 
encoded in the Lagrangian Lri = ^{'qiD^Aif + mrf'), where T>x^ is the covariant derivative with 
respect to the connection on the index bundle, and we have also included the complex mass term. 
We can now write down the large distance behavior of the four fermion correlation function: 



^4(yi,y2,y3,y4) = j 



(27r)3/2 (2^)1/ 
y2A-l)P2 ' iy2Ajexp 



2 ,d'i{x%{S^i^{x%n 



(2^)1/2 ^ 

-Q ^(LD) A^,, ^JLD)A 



A=\ 



2-nR 



dx^L, 



QM 



exp 



167r2/?|a| 



+ it 



(66) 



The integration mea- 



where the large distance fermionic zero modes p^i2^ ^ are as given in (60) 
sure consists of bosonic [d^X] \dLp\ and fermionic [d^^] collective coordinates measures. In addtion 
we also need to integrate over 2N ^ hypermultiplet collective coordinates [d^^/ r/(a;^)]. The one-loop 
determinant 7^ encoding the non-zero mode fluctuations from both vector and hypermultiplets, 
will be evaluated shortly. The various terms are all weighted by the monopole effective action 
&x.Y>\— ^Q^^ dx'^LqM — 5'Mon.] given in (65), after Euclideanizing the time direction and compacti- 
fying on . 



As the fermionic insertion /O'^(y) (60) only depends on the three spatial coordinates X and 
the adjoint fermionic zero modes we can split the four fermion correlation function as ^4 = 
gf^^ X Z xTZ, where: 



^COM 



(yi,y2,y3,y4) 



X exp 

dip{x'^^ 



(2^)3/2 
2ttR 



A=l 



dx {Lx + L() - Sm c 



d2^/7?(a;*)]exp 



(2^)1/2 



2-kR 



dx^ {L^ + Lr,) 



(67) 



(68) 



To evaluate G?^^ 



^4 , we impose usual periodic boundary condition X{x'^) = X{x'^ + 2ttR) and 
^^(x^) = ^^{x^ + 2TrR) to ensure supersymmetry is preserved. For the bosonic and fermionic collec- 



tive coordinate integration measures, /[(i3x(x4)]exp[/o dx^Lx] and /[^^^(a;^)] exp[/o dx^L^], 

^^The prefactor of 1/{2it)'^ arises from the Jacobian for the change of variables from bosonic fields to the four 
bosonic collective coordinates and can be traced to the same factor in the standard formula !3S given as eq. (114) in 
IH. 
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the path integrals are dominated by the constant classical paths due to the periodic boundary 
condition. Integrating over the classical paths, we can readily obtain (see j6] for more details): 



(■2-kR 





/ M 




\j 2tt{2ttR) 



(69) 



where we have also used X and in the integrations to denote the classical values of the bosonic 
and fermionic zero modes respectively. 

To evaluate Z next, here is a good place to recall an alternative interpretation for the four 



fermion correlator ^4(yi, y2, y4, y4) (58) in the compactfied theory, following [121 [39]. That is, we 
can instead work in the Hamiltonian formalism, and regard it as a generalization of Witten index: 

(H '^i^(y2A-i)P2^(y2A)> = Tr m pi^(y2^-i)p/(y2A)(-l)^exp[-27riii/QA/ - Smoh.] J ■ 

A=l \A=1 / 

(70) 

Here Hqm is the Hamiltonian for the collective coordinates Lagragian Lqm, the trace Tr sums over 
the BPS states which will be discussed immediately below, each contributes with the exponential 
suppression factor exp [— /Smoii.]- In particular, the interpretation above allows us to re-express the 
factor Z as: 

Z = TV, ((-1)^P„, exp [-2TrR {H^ + H^)]) , (71) 

where P^^ is a projector which depends on the electric charge of the state, and the subscript i 
indicates that we also need to sum over the representation under the flavor group. In the semi- 
classical quantization of monopole quantum mechanics, the wave function of any BPS states on 
the one- monopole moduli space can be decomposed schematically into a tensor product I^'bps) = 
f{X,if)\^) (g) \r]i). f{X,if) is the bosonic part and a function of collective coordinate {X,ip}, \^) 
comes from their SUSY partners; the remaining \rji) ensures the BPS states transform as spinors 
under the S0{2Nf) group (massless) or are charged under the residual U{1)^^ (massive). 



Recall that without the flavors, a 27r global rotation about the in the moduli space, with 
generator Q, leaves the monopole wave function invariant, i.e. e^'^**^ = 1. This gives rise to the 
whole tower of quantized electric charges rig £ Z [30j, which we can identify with the quantized 



conjugate momentum 



M 



\a\ 



2f 



rip. 



The corresponding Hamiltonian is 



2 ^ M ^£ ' ''■nd 



the trace in (71) essentially sums over these BPS dyons in the theory. In the presence of flavors, 
there is a key modification in the above discussion ^ (see also |40j for nice discussion). Now the 



2tt rotation about does not give identity but a topologically non-trivial gauge transformation, 
whose eigenvalue is given by e^'^^ = e*®(— 1)^ where (—1)^ is the center of SU{2) gauge 
group, and is the Witten angle. If we set the electric charge Q = + — with ng G Z, this 
yields that the states of odd rig have chirality operator (—1)^ odd, and the states of even rig have 
(— 1)^ even. This also implies that when rrii = 0, (—1)^ plays the analog of 7^ in the S0{2Nf ) 
Clifford Algebra facilitated by the collective coordiantes r/* [lOj, and we can form the projection 
operators P^^ = |(1 it (—1)-'^) (as the one inserted in (71)) to decompose the original reducible 
2^-f dimensional spinor representation down to two irreducible 2^i~^ representations with definite 
electric charge Ue- Similar analysis can also be done for rrii 7^ 0, which decomposes the wave 



^'^The factor of 2 for the generator Q is to ensure that the fundamental quarks have charge ±1 and W-bosons have 
charge ±2. 
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functions into components carrying definite charge under each U{1) of the residual U{l)^f group, 
whose value depends on He- The extensive discussion above therefore allows us to conclude that 



Z = ^{{ne, ^),u) exp 




rie + 




+ M ne + 



e 



TT 



(72) 



In above, for definite ne, with the projector 



imposing the anti-periodic boundary condition, 
the degenaracy factor 0((ne, comes from tracing over the factor q-'^'^^^v over different flavor 
and it should be identified with Q(7,ii) appearing in (52). Here we have also included the 
shift of electric charge due to mass terms (rrij, rrij): this can be motivated from our earlier choice 
Im(a/mj) = 0, and the rotation is now a linear combination of the global U{1) within the gauge 

SU{2) and the residual U{l)^f flavor group. A further phase rieOe + YliJi ^i'^i classical 
action arises from the surface terms coupling to electromagnetic charge and the Wilson line for the 
flavor group. In summary, we note that this matches the corresponding sum appearing in the GMN 



prediction ( 52 ) up to a replacement of the bare coupling and the vacuum angle by their one-loop 



renormalised counterparts. 



To complete the semiclassical integration measure, for our cases with Nj fundamental hypermul- 
tiplets on x 5^ , it is necessary to evaluate the one loop determinant TZ accounting for the non-zero 
mode fluctuations in the monopole background. We can decompose TZ into three components: 

log n = log TZw + log TZg + log Kg , (73) 

where logTZw is the W-boson contribution, while logT^g and logT^g are the additional hypermul- 
tiplet contributions. In [6], TZw was explicitly computed using Kaul's earlier result for the density 
of states of the fluctuations in the monopole background ^42j , we shall follow similar steps here to 
calculate TZq and TZq. 



Let us begin with TZq, the computation for TZq can be carried out analogously. Essentially, all the 
spatial fluctuations of the hypermultiplets can be simply encoded by the non-zero eigenfunctions 



of the fluctuation operators (61) and (62). To further include the fluctuations along 
we define: 



(- 



4 

X ~ 



(74) 



where the derivative with respect to X4 take account of the Fourier modes of each fluctuation mode 
on S^, and we have first set 6e = 'tpi = to simplify the discussion. Summing over Nj different 
flavors, the one- loop contribution determinant associated with the qi fluctuations is given by the 
ratio: 



TZa 



n 

i=l 



det(D^ 
det(D^ 



(75) 

as $±(x,x^) = ^±{x)f±{x^) by 



To evaluate ( 75 ) , we can decompose any eigenfunctions of 

translational invariance, where 4'±{x) are eigenfunctions of A^ with eigenvalues respectively. 
While f±{x^) along the take the plane- wave form f±{x'^) ~ ^^1^±x'^ _ jj^ supersymmetric 
gauge theory, the total number of non-zero eigenvalues for both bosonic and fermionic fluctuations 
are exactly equal, this usually implies their contributions to (75) completely cancel and TZq = 1. 
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However, the spectra of contain both normahzable bound states and continuous scattering 
states, and the precise cancehation requires exact densities of states for bosonic and fermionic 
eigenvalues. As discovered by [l2], this is not the case in the monopole background, resulting in 
non-trivial quantum corrections to the monopole mass. In our case, the operators on x 
also inherit such subtle effect from A^, giving non-trivial TZq. 



We can rewrite TZq (75) as the following integral expression: 

Nf 



TZa 



/Ci(A,27ri?) 



exp 



det 



iV f 



i=l 



\a+mi\ 



d\5pi{\)\og [lCi{X,2^R)] 



(76) 



(77) 



where we have used the identity logdet(M) = Trlog(M). The quantity Spi{X) = p+i(A) — p_^j(A) 
is the difference between densities of eigenvalues of the operators A^! and At ■ This can be worked 
out using index theorem following [42j and recycling our earlier computation for the hypermultiplet 
index XH(m), yielding 

dX6p.iX) = k+^^iiL=. (78) 

2t:X'^\J X^ — \a + •mi\ 

As noted in [6], the integration kernel /Cj(A, 27ri?) is precisely the partition function of harmonic 
oscillator with frequency roj = A at inverse temperature (3 = 271 R. 9f> and tpi, which are non- 
vanishing VEV for the x^-component of the respective gauge fields, can be minimally coupled to 
the operators given in (74): 



d 

dx4 



dx4 2ttR 



(79) 



This is equivalent to introducing a chemical potential to the aforementioned harmonic oscillator 
system and shifting its frequencies to the complex values tUj = A =F 2^(^e + V'i)- The ± signs 
in ( 79 ) take into account electric Ue and flavor Si charges for the fluctuations associated with qf . 
Summing over both contributions, we find /Cj = /C+^j/C_^j where 

exp[-7ri?A±i(6'e + Vi)/2] 



IC±,i{X,ee,2TrR)-^ 



1 - exp[-27ri2A ± i{0e + V'i 



(80) 



Substituting (80) and (78) into (76), and changing variable A = |a -|- mj| cosht, for the one-loop 
determinant TZq we get: 



Nf 



log TZq = R\a + mi \ cosh ^ 



I A 



uvl 



i=l 



\a + rrii 



1 

2^ 



Nf 

E 

i=l 



dt 



cosht - 



log 1 



-2'iTR\a+mi\ cosht+i{9e+'4'i) 



+ log 1 



J— 27r_R|a+mi| cosh j((?e+</'i) 



(81) 

where we have evaluated the integral over the eigenvalues with a UV cut-off Auv • We immediately 
recognise that the integral here is precisely the same one in the definition (48) of logPq(— i) in 
the semiclassical expansion of the GMN result. Furthermore, the Auv-dependent term should be 
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cancelled by the corresponding counter-term in the coupling constant renormalisation. The net 
effect is the contribution, along with qi and W-boson fluctuations, to the finite one-loop renormal- 
isation of the complex gauge coupling r, which gives Tefj. We can follow similar steps to evaluate 
TZg by changing {mi,mi) into —{mi,mi), while for the W-boson contribution TZw, we can recover 
the result in [6] by setting rm = rhi = and replacing (|a|,6'e) in the operators D^* by 2{\a\,9e), as 
the non-zero mode fluctuations for W-bosons carry electric charges of ±2. A further l/(27ri?)^ also 
needs to be introduced for TZyy to account for removal of zero modes in the functional determinant 
as well as matching with the three dimensional limit computed in [T^ (see pj). The resultant 



TZw and IZq again match with (47) and (49) up to Auv-dependent terms, which combine with the 
Auv-dependent term in TZg (81) to give the renormalised t^s. 



Putting all the pieces together and summing over electric charges He, we express the large-distance 
behaviour of the four-fermion correlation function ^4(yi, y2, ys, y4) as 



^4(yi,y2,y3,y4) 



^P(-i) ( ) exp [-5Mon.] ^((^- 1)' ^) -4"' 



i?|a|i/2 



9:s 



(82) 



where we have substituted (60), (69) and (81) into (66), and the actions Suon. and S^p " are as 
given in (53) and (54). For consistency, we should also use the same renormalised g^g{a) wherever 



the coupling appears. The resultant four-fermion correlator corresponds to the appearance of the 
following four-fermion interaction vertex in the low-energy effective action: 



P(-i) exp [-5Mon] ^ r2((ne, l),'u)exp -5^ 



d^xii/j ■ V')(A • A) 



(83) 



This exactly matches the prediction obtained from the integral equations of \T] given in (57). 



5 Three Dimensional Limit and Brane Picture 



Recovering Three Dimensional Quantities 

In this section we would like to demonstrate how some of the physical quantities computed in 
strict three dimensional limit [37| I44j may be recovered from our earlier results. We shall first focus 
on the one-loop determinants and T>q, as given in (26) and (27): it is clear that when R\a\ — t- 0, 
the integrals can become divergent and it is necessary perform Poisson resummation to obtain 
finite expressions. The three dimensional limit of "Dw has been explored in [6j. Let us first Taylor 



expand and along the integration contours, similar to (37) and (38), and resum over the 



^Our convention for Poisson resummation is 



"dk. 
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mode number k. We obtain: 



lOgVgi-i) 



lOgVgi-i) 



+ '^R\a + mil ( log 

i=i ^ 

1 / 



a + rrii 



2ttR . 



KnR \ a + rrii 



+ 1 



lAuvl 
a + rrii 

1 \a — mil 



n I (6e-tpi) 
R 27r_R . 



(84) 



K„R\a — mi 



i=l 



\a — mi 



+ 1 



(85) 



where k„ is regularization constant. We shall now restrict ourselves to the sinh^ (• • • ) terms, as 
the other terms proportional to i?|a it mj| would vanish in three dimensional limit. Writing them 
out explicitly in terms of logarithms and exponentiating, the product T)q{—i)'Dq{—i) gives 



Nf 



nn 

i=l n&L 



a + rrij 



\a — mi 



\ 



1/4 



2ttR 



+ \a + mi 



a mt\ -\- \ ^-\- 27rR 



+ \a — mi 



(86) 

where n/R should be regarded as KK momentum over the S^. In the i? — )• limit, which should be 
taken while keeping fixed the combination ^2nii 1 all n 7^ terms in the product above simply yield 
1. In three dimensions, there are enhanced SU{2)i\f symmetry under which (Re(a), Im(a), ^^'^ 
(Re(mj), Im(mj), rfij) transform as vectors (note that ipi = 2'iTRmi). We can therefore exchange 
|aibmj| and in (86), and further rotate into a vacuum |a| = vacuum, so that (86) yields 

the one- loop determinant Rh for hypermultiplets obtained in [37j . 



obtaining at the leading order in (7^^ expansion: 



We can similarly Poisson resum the metric component g^^^ (|51|) over the electric charges n^, 

sxpansi 

IGtt'^R, 



-inst 
iiaa 



8-K 



5efr : 



ne2 



aYV{-i) 
M{nf 



Nf 



exp 



5eff 



'-\M{n)\+iem + 2inQcs + i2TrR^SiFi{n) 



(87) 



i=l 



where we have defined: 



M{n) 
Fi(n) 



l«P + 



\2-kR R 



+ 



fhi + 



(. 



\2TrR R 



(88) 
(89) 



Here M{n) appearing in (87) corresponds to the Euclidean action of the so-called "twisted mono- 
pole" found in [3H] , which can be generated by applying large gauge transformation on the monopole 
compactified on x 5"^. In taking the 2TrR — )• limit, all M{n) diverge except n = 0, therefore 
only the n = term survives in the summation. Furthermore, as ^e/(27ri?) is also kept fixed in 
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such limit, 27rRFi(0) tends to zero. By again applying the three dimensional SU{2)fyf rotation 



symmetry, we can deduce that the Poisson resummed metric (87) corresponds to the following four 
fermion vertex in the three-dimensional effective Lagrangian: 

= ^"^'^^^^ exp (-^Mw + iem) I d^xi^P • V5)(A • A) . (90) 

Here we have kept the combination = 2-irR/g'^g fixed, Rh = TlqTlq is the hypermultiplet one- 

loop determinant computed in [32J, and the W-boson mass is = 2M(0). This, after recalling 
the gauge coupling and electric charge for the W-boson, precisely matches with the four fermion 
vertex computed from first principles in [14j and |37j . 



Brane Picture 

It is possible to understand the form of many of the previous field theory results in an elegant 
way in terms of Hanany-Witten brane configurations |45j. In order to make the discussion more 
transparent we will work in terms of a T-dual picture, in which instead of a 4d theory compactified 
on a circle, we have a 3d field theory localized in a compact transverse direction. Consider IIB 
theory in the presence of two D3 branes with world volume coordinates (x^x^x'^x^) suspended 
between two NS5 branes with world volume coordinates ( X X X X X X ) and sitting Lq apart in 
the x^ direction. Additional Nj D5 branes with world volume coordinates {x^ x^ x'^ x"^ x^ x^) provide 
the flavors. The Coulomb branch of the gauge theory in the {x^x^x'^) directions is realized when 
the two suspended D3 branes are split along (x^x^x^) with separation Ax. We take x^ to be the 
compact direction in which we have T-dualized our original 4d theory; it has dual radius R = 1 /R, 
with R being the compactification radius for the original 4d theory. We show the relevant brane 
configuration in figure 1. 



NS5 NS5 



D3 


D5 • 

D5 • 






///////// 


/ / 
/ 

/ 


D3 


D5# 





Figure 1: Hanany-Witten configuration for the 3d A/" = 2 SU{2) with flavors theory described in 
the text. Dl branes (shaded) extending between the two D3 branes give rise to 3d instantons. 



Non-perturbative instanton corrections to the Coulomb branch metric come from Euclidean Dl 
strings stretching between D3s and NS5s, whose world volume is bounded between the intervals 



20 



Ax in (x X X ) and Lq in x |44 | 145 ^ ^6]. The Dl DBI action is given by the tension of the Dl, it is 
•^Di ~ _ L(i\'^x{n)\ ^ I Ax(n)| is the norm of a vector (Ax^ + 2-KnR = Ax^ + 2TTn/R, Aa;4, Ax^). 

Due to the periodicity of x^, we need to sum over ah multiply wound Dl branes, with winding 
number given by n G Z. Using the expression ^ = ^ for the gauge coupling, we see that S'di 



coincides precisely with the real part of the twisted monopole action in (87). To account for the 



phase i9m in (87), which is the dual of unbroken U{1) photon, we recall that the Dl action also 
receives a boundary contribution, as Dls are charged magnetically under the D3 gauge fields. This 
was made explicit in jUj, where the dual photon was identified with the x^ component of the 
magnetic gauge potential Aq. Integrating over the boundary of Dls, we obtain the desired phase. 

The open string stretching between D3 sitting at x and the additional D5 brane sitting at mj, 
where x and rrij, are their respective positions in the directions, gives fundamental 

quark of mass \x — rhi\. Again due to the compactification in x^ direction, it is necessary to 
periodically identify x"^ — ~ — m? + 2'Kn/ R and sum over the copies. Combining with the 
W-boson mass |Ax(n)| and appropriate weight for different representations, they explain the form 



of perturbatively corrected gauge coupling (39), which can alternatively be obtained from explicit 
one loop computation following [[T H [28 t [37j . 

Finally, the brane picture also gives a geometrical understanding for the index computation 



(64). There are D1-D5 strings and when they are localized at the intersection points between Dl 
world volume and D5s, they become additional hypermultiplet zero modes. Given that (x^x^x^) 
coordinates of Dl and D5 have natural interpretation of adjoint scalar VEV/W-boson mass and 
quark bare mass, extra zero modes only appear when their values coincide or both vanish. Specific 
combinations depend on the choices of vacua, and in strict three dimensional limit, they should be 
related by SU{2)n rotation. For specific example, see [44j. 

Acknowledgements 

We would like to thank Nick Dorey for various useful discussions and comments on the draft. 
HYC would like to thank Inaki Garcia-Etxebarria for inital collaboration and help with the figure, 
he would also like to thank Gary Shiu and Peter Ouyang for discussions. HYC is supported in 
part by NSF CAREER Award No. PHY-0348093, DOE grant DE-FG-02-95ER40896, a Research 
Innovation Award and a Cottrell Scholar Award from Research Corporation, and a Vilas Associate 
Award from the University of Wisconsin. KP is supported by a research studentship from Trinity 
College, Cambridge. 

References 

[1] D. Gaiotto, G. W. Moore and A. Neitzke, [a ^iv:0 807.4723 [hep-th][ 

[2] N. Seiberg and E. Witten, Nucl. Phys. B 426 (1994) 19 [Erratum-ibid. B 430 (1994) 485] 
| arXiv:hep-th/ 94 07087] . 

[3] N. Seiberg and E. Witten, Nucl. Phys. B 431 (1994) 484 |arXiv:hep-th794 08099 1 . 

[4] N. Dorey, T. J. Hollowood, V. V. Khoze and M. P. Mattis, Phys. Rept. 371, 231 (2002) 
(a^Xiv:hep-th/0206063 1 . 



[5] D. Gaiotto, G. W. Moore and A. Neitzke, arXiv:0907.3987 [hep-th 



21 



[6] H. Y. Chen, N. Dorey and K. Petunin, JHEP 1006, 024 (2010) [arXiv: 1004.0703 [hep-th]] . 
[7] N. Seiberg and E. Witten, |arXiv:hep-th79607163| 



[8] K. A. Intriligator and N. Seiberg, Phys. Lett. B 387, 513 (1996) |arXiv:hep-th/9607207| . 

[9] N. Dorey, V. V. Khoze and M. P. Mattis, Phys. Rev. D 54, 7832 (1996) |arXiv:hep-th /9607202] . 



[10] M. Kontsevich and Y. Soibelman, arXiv:0811.2435 [math.AG 



[11] M. Kontsevich and Y. Soibelman, arXiv:0910.4315 [math.AG 



[12] N. Dorey, JHEP 0104, 008 (2001) fa rXiv:hep-th/0010115| . 

[13] N. Dorey and A. Parnachev, JHEP 0108, 059 (2001) |arXiv:hep-th/0011202| . 

[14] N. Dorey, V. V. Khoze, M. P. Mattis, D. Tong and S. Vandoren, Nucl. Phys. B 502, 59 (1997) 
|arXiv:hep-th /9703228| . 

[15] N. Dorey, V. V. Khoze and M. P. Mattis, Nucl. Phys. B 502, 94 (1997) |arXiv:hep-th/9704197| . 
[16] M. Henningson, Nucl. Phys. B 461, 101 (1996) |arXiv:hep-th/9510138| . 



[17] F. Ferrari and A. Bilal, Nucl. Phys. B 469, 387 (1996) f arXiv:hep-th79602082] . 



[18] A. Bilal and F. Ferrari, Nucl. Phys. B 480, 589 (1996) [ arXiv:hep-th/960 5101|. 
[19] A. Bilal and F. Ferrari, Nucl. Phys. B 516, 175 (1998) [arXiv :hep-th/ 9706145] . 



[20] P. C. Argyres, M. R. Plesser and N. Seiberg, Nucl. Phys. B 471, 159 (1996) |arXiv:hep- 
fth79603042|. 



[21] J. P. Gauntlett, Nucl. Phys. B 411, 443 (1994) | arXiv:hep-th/9305068] . 

[22] J. P. Gauntlett and J. A. Harvey, Nucl. Phys. B 463, 287 (1996) |arXiv:hep-th/9508156| . 



[23] O. DeWolfe, T. Hauer, A. Iqbal and B. Zwiebach, Nucl. Phys. B 534, 261 (1998) |arXiv:hep- 
jth/9805220j. 



[24] T. Dimofte, S. Gukov and Y. Soibelman, arXiv:0912.1346 [hep-th 



[25] N. J. Hitchin, A. Karlhede, U. Lindstrom and M. Rocek, Commun. Math. Phys. 108, 535 
(1987). 

[26] M. F. Atiyah and N. J. Hitchin, "The Geometry and Dynamics of Magnetic Monopoles. 
M.B. Porter Lectures", Princeton, USA: Univ. Pr. (1988) 133p. 



[27] H. Ooguri and C. Vafa, Phys. Rev. Lett. 77 (1996) 3296 |a rXiv:hep-th/96 08079]. 

[28] N. Seiberg and S. H. Shenker, Phys. Lett. B 388, 521 (1996) |arXiv:hep-th79608086j . 

[29] A. S. Dancer, Commun. Math. Phys. 158, 545 (1993). 

[30] E. Tomboulis and G. Woo, Nucl. Phys. B 107, 221 (1976). 

[31] E. Witten, Phys. Lett. B 86 (1979) 283. 



22 



[32] C. Callias, Commun. Math. Phys. 62, 213 (1978). 

[33] E. J. Weinberg, Nucl. Phys. B 167, 500 (1980). 

[34] E. J. Weinberg and P. Yi, Phys. Kept. 438, 65 (2007) |a rXiv:hep-th/0609055] . 

[35] N. S. Manton and B. J. Schroers, Annals Phys. 225, 290 (1993). 



[36] J. P. Gauntlett, C. j. Kim, K. M. Lee and P. Yi, Phys. Rev. D 63, 065020 (2001) |arXiv:hep- 
[th/000803l]. 

[37] N. Dorey, D. Tong and S. Vandoren, JHEP 9804, 005 (1998) |arXiv:hep-th798 03065] . 
[38] C. W. Bernard, Phys. Rev. D 19 (1979) 3013. 



[39] N. Dorey, T. J. Hohowood and V. V. Khoze, arXiv:hep-th/0105090 



[40] J. A. Harvey, [arXiv:hep-th/ 9603086. 

[41] I. S. Gradshteyn and I. M. Ryzhik, "Table of Integrals, Series, and Products", Academic Press. 
[42] R. K. Kaul, Phys. Lett. B 143, 427 (1984). 

[43] K. M. Lee and P. Yi, Phys. Rev. D 56, 3711 (1997) | arXiv:hep-th/9702107| . 



[44] J. de Boer, K. Hori and Y. Oz, Nucl. Phys. B 500, 163 (1997) |arXi v:hep-th/ 9703100]. 

[45] A. Hanany and E. Witten, Nucl. Phys. B 492, 152 (1997) | arXiv:hep-th/9611230| . 

[46] J. de Boer, K. Hori, H. Ooguri, Y. Oz and Z. Yin, Nucl. Phys. B 493, 148 (1997) |arXiv:hep- 



th/9612131| . 



23 



